Two models of monogenic recessive male sterility are presented, first where the male-steriles are always fully pollinated (full-fitness model) and second where they are only pollinated to the extent that hermaphrodites are crossed (limited-fitness model). Male-steriles in both models may be maintained by overdominance at the sex-control locus or by having greater ovule or seed fertility than hermaphrodites. For both models fitness of male-steriles is frequency dependent under random mating or under mixed selfing and random mating, and for the case when male-steriles are maintained only by increased fertility, expressions are derived for their equilibrium proportions and those of both hermaphrodite genotypes. Also for this latter case, fitness of male-steriles in equilibrium populations equals that of the hermaphrodites.
INTRODUCTION
GyNoDloEclous populations contain separate male-sterile and hermaphrodite individuals, and gynodioccy has been interpreted as an outbreeding mechanism. Theoretical studies of the maintenance of the male-sterile form among the hermaphrodites have been made by several authors. Lewis (1941) , Ross and Shaw (1971) and Lloyd (l974a) showed that malesteriles could be maintained by a more than doubled seed fertility compared to hermaphrodites, while Jam (1961), Ho and Ross (1973) , Valdeyron, Dommée and Valdeyron (1973) and Lloyd (1975) showed that heterozygote advantage either associated with the sex-control loci, or in the form of a general heterosis, could also result in the maintenance of male-steriles. Ross and Shaw (1971) noted that fitness values of male-steriles in gynodioecious populations were frequency dependent, while Lloyd (1 974b) showed that genetic contributions of male-steriles and hermaphrodites may be equal at equilibrium.
The studies of Ross and Shaw (1971) and Ho and Ross (1973) assumed random mating, and one aim of the present study is to consider the effects of selfing among hermaphrodites. In addition, we derive expressions for the fitness of the male-steriles and for their equilibrium proportions.
FITNESS AND EQ,UILIBRIUM PROPORTIONS OF MALE-STERILES
We first consider a simple fitness model which applies to any mode of nuclear inheritance of male-sterility, where there is no selection. Since hermaphrodites leave descendants through both ovules and pollen, while male-steriles leave descendants through the female line only, a new malesterile mutant, differing from hermaphrodites only in its male sterility, will suffer a considerable disadvantage. Such a mutant would be lost in the absence of some mechanism for its maintenance. When considering populations containing male-steriles and hermaphrodites it is useful to consider the offspring through the female line separately from those through the male line. When assigning fitness values, offspring of selfings and of inter-hermaphrodite crosses are thus counted twice as offspring of hermaphrodites, once in each line, while offspring of crosses between malesteriles and hermaphrodites are counted once as offspring of male-steriles, and once as offspring of hermaphrodites.
If male-steriles (in proportion!) are fully pollinated by hermaphrodites (in proportion ii), we have the following scheme:
Number of offspring of male-steriles is proportional tof Number of offspring of hermaphrodites is proportional to (2 h +f).
Setting the fitness, or offspring per individual, of the hermaphrodites to 1, we have:
Fitness of male-steriles h/(2h +f). Since there is no selection, apart from that imposed by the male sterility itself, we may regard the above as intrinsic to populations containing both sex forms. Fitness of the male-steriles is frequency dependent, and as f becomes small, approaches an upper limit of 05. This result is consonant with that of Lewis (1941) , who found that monogenically inherited malesteriles were only maintained in the population if their seed fertility was more than doubled. The result also agrees with the suggestion of Ross and Shaw (1971) that this requirement for a more than doubled seed fertility was probably independent of the mode of nuclear inheritance of the male sterility.
We now consider the case where male sterility is inherited through a single recessive, ms, such that genotype ms ms (frequency!) is male-sterile, while genotypes Ms Ms (frequency h1) and Ms ins (frequency h2) are hermaphrodite. The gametic outputs of the genotypes, first as female, then as male, are w1, w1 for Ms Ms, 1, 1 for Ms ms and w2, 0 for ni.s ins. Thus we consider two mechanisms for maintenance of gynodioecy, namely that where male-steriles may be maintained by overdominance at the sexcontrol locus (w1 < 1), and that where male-steriles are favoured because they produce more or better seed than hermaphrodites (w2> 1). h = s1(wjIi1 + h2/4)/D0 + t1 (w1h1 + h2/2) 2/DOD = sj(h2/2)/D0 + (t1h2 + w2f) (w1hj + h2/2) /D0D = s1(h2/4) /D0 + h2(t1h2/2 + w2f) /2D0D.
It can be seen immediately that fh2 in all generations so that the maximum frequency of male-steriles is 0-5, and this is only approached as w2 becomes very large. It is also evident that the absence of either heterozygous hermaphrodites or male-steriles implies the absence of the other while the presence of either implies the presence of all three genotypes.
The composition of the equilibrium population is found by setting
There will always be the trivial solution J = 1, '2 = J = 0, and certain favourable values of the parameters will give non-trivial solutions. Generally these will have to be found numerically, although in the special case of w1 1, analytic solutions are available. In this case of equal selection for homozygous and heterozygous hermaphrodites:
For the non-trivial case
where Q = (t1+3 -2w2)2+8t1(w2-2).
We now consider the genetic contributions made to each offspring generation by the various genotypes. Pollen from hermaphrodites contribute to all (D0) seed set, while ovules of hermaphrodites contribute only to (Dr) seed set on hermaphrodites.
The genetic contribution of hermaphrodites through ovules relative to their total contributions is thus Whi = D/(D0 + Dr). As long as f> 0, D <D0
and this relative contribution is less than 0-5. Lloyd (1 974a) has emphasised that genetic contributions through pollen and ovules of hermaphrodites are not equal in gynodioecious populations. The genetic contributions from the three genotypes are w1h1/D, (ovules) + w1h1/D (pollen) for Ms Ms, h2/D0 (ovules) + h2/D (pollen) for Ms ms and wJ/D0 (ovules) for ms ms. Dividing these three contributions by corresponding genotypic frequencies (providing they are not zero) and setting the contribution (i.e. the fitness) of heterozygous hermaphrodites equal to 1, we find that the fitness of homozygous hermaphrodites is w1 and that of male-steriles is w1 = w2D/ (D0 + Dr). This latter value is w2 times as great as WhI, the genetic contribution of hermaphrodites via ovules. When w1 = 1 and there is no overdominance, the fitness of male-steriles may be written as = w2(l -f)/[2+(w2-2)f] which is also equal to 1 at non-trivial equilibria. Note that in this case the genetic contribution of hermaphrodites via ovules in equilibrium populations is thh, = 1 /w2. For trivial equilibria we will define th1 = 0. Male-steriles and hermaphrodites also produce equal genetic contributions under monogenic dominant gynodioecy (Lloyd, 1 974b; Ross, in preparation) .
In gynodioecious populations, pollen and ovules of hermaphrodites do not take part in crossing and selfing to the same extent. A proportion t1 of ovules of hermaphrodites are cross fertilised while a proportion t2 of pollen takes part in crossing. This proportion t2 is necessarily the proportion of all offspring produced by crossing so that t2 = (t1D + w2f) /D0 and = 1 -t2 = s1D/D0. Forf>O then, s2<s1.
(ii) Limited-fitness model
In the second, or limited-fitness model, a proportion t1 of ovules on all plants are cross pollinated regardless of genotype, so that t1 is different from that in the full-fitness model. None of the ovules on male-steriles, but a proportion s1 1 -t1 of the ovules on hermaphrodites are self pollinated. Reduced cross pollination thus reduces the seed set on male-steriles.
With frequencies h1, /4, f as before, the frequencies of seed set are where
In the case of complete self mating, t1 = 0, with W1<O5:
and only the trivial solution 12 = 1, 12 =J = 0 holds if w1O5.
As in the previous model we calculate fitnesses of the three genotypes and find w1, 1, w1 = t1w2D/(D0+D) for Ms Ms, Ms ms and ms ins respectively, when all genotypes are present. If male-steriles are absent we again fitnesses) th, = 0 and th, = 05. The rates at which pollen grains from hermaphrodites take part in selfing and crossing are now s2 = s1D/D0 and t2 = 1 -= t1 (Di, + wJ)/D0 respectively, but we stress that s1, t and D0 have different values in the two models. We now have 2<s as long as both t1 and fare greater than zero.
(iii) Jtlumerical results
A range of numerical values for proportions of male-steriles, and values of various fitness and outcrossing parameters, for equilibrium populations under both models is given in tables 1 and 2. Values used for degree of selfing and for seed output of male-steriles relative to male-fertiles (w2)
were similar when possible to values found in the literature (table 3) .
Values for w2 given in table 3 represent two situations, namely gynodioecy (w2 = 2) and subdioecy (w2 = 9-8, 1867 and 21.4), since the latter high values for relative seed output of the male-steriles imply near female sterility of" hermaphrodites" and their virtual conversion into males (Ross, 1970b) . Table 1 shows that under the full-fitness model, where male-steriles are maintained by slight overdominance with or without slight differential ovule fertility (w1, w2 = 08, 1, or 08, 1-2), equilibrium proportions of malesteriles decline steadily with increased selfing among hermaphrodites, but with more pronounced overdominance (w1, w2 = 05, 1, or 05, 1.2) there are increased equilibrium proportions of male-steriles with increased s1. Where male-steriles are favoured by increased seed output only (w1 = 1, w2> 1) equilibrium proportions are not affected by degree of selfing among hermaphrodites. In contrast, under the limited-fitness model (table 2) increased s is always accompanied by decreased equilibrium proportions of male-steriles. These are present at equilibrium when there is a relatively slight degree of selfing among hermaphrodites (s1 = 0l, 0.3), but are lost as degree of selfirig becomes moderate or intense (s1 05). When s1 = 1, they are present at equilibrium only if w1 <05. Comparison of the two models indicates the importance of the efficiency of the cross-pollination mechanism for the survival of the male-steriles. Both models show that slight inbreeding among hermaphrodites (s1 0.1) may have little or no Lloyd, 1974b) . For both models, the mean population fitness at equilibrium, W, is given by thA + + th,f, and always equals 1 when malesteriles are maintained only by increased ovule fertility. When there is overdominance iV decreases steadily with increased selfing among hermaphrodites until male-steriles are eliminated.
Discussiow
Both models differ from that of Ho and Ross (1973) by assuming that the disadvantage of homozygotes at the Ms locus does not affect the ovule fertility of the male-steriles. Of the present models, the full-fitness model may be more appropriate to moderately or largely outbreeding populations (probably many gynodioecious populations) with which this paper is primarily concerned, since the assumption of full seed set on the malesteriles implies the presence of an efficient cross-pollination mechanism.
The limited-fitness model is useful for comparison and may better represent extreme inbreeders. For inbreeding populations Jam (1961) presented a model where outcrossing rates of male-steriles were greater than those of hermaphrodites, but where some values used for these rates implied insufficient pollination of male-steriles, as occurs for example in male-sterile barley mutants (Suneson, 1951) .
Our results may have some relevance to the evolution of gynodioecy. It does not seem likely that newly arisen male-sterile mutants would have the more than doubled seed fertility with respect to hermaphrodites required for the mutants to persist at levels greater than those attributable to a balance between recurrent mutation and selection. In contrast, these results and those of Ho and Ross (1973) show that even conservative values for overdominance at the male-sterility locus may be associated with appreciable equilibrium proportions of male-steriles. Once the male-steriles were firmly established in the population further evolution of the system could occur, perhaps by accumulation of genes which increased relative seed fertility of male-steriles.
The present results suggest that new male-sterile mutants may sometimes be more easily established in populations that are already outbred, and the results may therefore have some relevance to the situation in Plantago (Baker, 1963; Ross, 1970a) and other genera (Young, 1972; Horovitz and Galil, 1972) , where some species are both self-incompatible and gynodioecious, and where the presence of the male-steriles is presumably not associated with any increase in crossing.
